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A Details on Derivation of the Model
A.1 Households

Preferences of the representative household in countries H and F' are given by:
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where C} denotes consumption in country F', Ny = N + N§; , denotes hours
of work in country F, Np; = f12 Npi (f)df and N, , = f12 Ny (f)df denote
hours of work to produce tradables produced in country F and nontradables
produced in country F, respectively. The first equality in Eq.(A.1) is Eq.(1) in
the text.
More precisely, private consumption is a composite index defined by:
_n_
1 a1l 1 n—lin-1
C: = l:'Y”CT,"t + (1 =) CNT:t:| )

o (A.2)

_n_
ﬂ—1j| n—1
)

1 * 21 1 *
(€)= ()

0—1 %1 6—-1 %1
with Cyy = [ e (h)Tdh]" , Gy = [ J1C, ()7 dh]" Crye =

75 - 7o
{fol Ch (h)% dh] =" and Cri = [flz Cr, (f)eTl df} ’ 1, where the index
{h, f} denotes a variable that is specific to agents h and f, C7, denotes the
consumption index for tradables in country F, and C},, denotes an index of

consumption across the nontradable goods produced in country F. The first
equality in Eq.(A.2) is Eq.(2) in the text.



A sequence of budget constraints is given by:
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with Py, = [ Py (h)l_gdh} T Ppy = [ [2Pey () df} 7 and Py, =
{fol Py (h)'° dh} ™7 where Py = [ff P, N’ df} ™7 denotes the price

index of nontradables produced in country F' and S; denotes the lump sum
taxes in country F'.

The optimal allocation of any given expenditure within each category of
goods yields the following demand functions:
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These equalities imply that [, Pe; (k) Crr s (h) dh = P Criy, [¢ Pry (f) Cry (f) df =
1 2 px * * *
PF,tCF,ta fO P_/\/',t (h) C_/\/’t (h) dh = PN,tCN,t and fl PN,t (f) CN,t (f) df = PN,tCN,t’
Total consumption expenditures by households in countries H and F' are
given by:
Py Cxy+ PriCry+ Pnv i Crny = PGy,
PF,tCJ*F,t + PH,tCJ*f{,t + PK/,th\/,t = Pt*Ct*'
Combining Eq.(A.3) and these equalities, we obtain:
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where the first equality in Eq.(A.5) is Eq.(3) in the text.
Combining Eq.(A.4) and aggregators, we have:
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The first, second, fifth and sixth equalities in Eq.(A.6) are Eq. (5 ) in the text.
CPIs are given by:
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where P} denotes the CPI in country F. The first equality in Eq.(A.7) is Eq.(4)
in the text.

The representative household maximizes Eq.(A.1) subject to Eq.(A.5). Op-
timality conditions are given by:
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The RHS of Eq.(A.8) is an intertemporal optimality condition in country F,
whereas the RHS of Eq.(A.9) is an intratemporal optimality condition in country
F. The LHS of both Eqgs.(A.8) and (A.9) are Eq.(6) in the text.

Combining and iterating Eq.(A.8) with an initial condition, we have the
following optimal risk-sharing condition:

Cy = 907 Qs (A.10)

which is Eq.(7) in the text. When C_; = C*; = P_; = P*; = 1, we have
9 =1

A.2 Firms

Each producer can use a linear technology to produce a differentiated good as
follows:
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A} denote stochastic productivity shifters associated with tradables and non-
tradables produced in country F, respectively. The first equalities in Eq.(A.11)
are Eq.(8) in the text.

Using Dixit—Stiglitz aggregators, Eq.(A.11) can be rewritten as:
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Under Calvo—Yun-style price-setting behavior, the pricing rules are given by:
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where Ppyt and ]5;/7,5 are the prices chosen by firms when they obtain the chance
to change prices associated with tradables and nontradables produced in country
F', respectively.

The maximization problems faced by firms are as follows:
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The FONCs are as follows:
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The first and the second equalities in Eq.(A.14) are Eq.(9) in the text.
We define the real marginal costs as:
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Combining the first equalities of Eqgs.(A.14) and (A.15) yields:
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Combining the definition of the marginal cost and Eq.(A.9), we have:
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We define the country-wide real marginal cost as:
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A.3 Local Government

The government expenditure index is given by:
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where Gr; and G}, denote government expenditure on tradables and non-
tradables produced in country F', respectively. For simplicity, we assume that
government purchases are fully allocated to a domestically produced good. For
any given level of public consumption, the government allocates expenditures
across goods in order to minimize total cost. This yields the following set of
government demand schedules, analogous to those associated with private con-
sumption.
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The flow government budget constraints are given by:
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where B{'* = P;B} denote the nominal risk-free bonds issued by local gov-
ernment in country F' and B; denote the real risk-free bonds issued by local
government in country F', respectively.

Combining the definition of prices and output, we have:
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Substituting Eqgs.(A.18) and (A.20) into Eq.(A.19), we have:
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These equalities can be rewritten as:
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Eq.(A.21) yields the consolidated government budget constraint which is
given by:

. The first equality in Eq.(A.21) is Eq.(10) in the

1 1 1
3 (B + B™) = Ri13 (B, + By — 5 {lrPpt (Yu,e +Yne) — Pot (G + Gae)] s
+ [TP;;,t (Ve + YX/,t) —Pay (Gre+ G}k\/t)” : (A.22)

The appropriate transversality conditions for government assets are given
by:

1
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which appears in footnote 10 in the text.
Starting from Eq.(A.22) with the appropriate transversality condition, the
resulting consolidated intertemporal budget constraint can be written as:
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A.4 Market Clearing

Market clearing conditions for tradables are given by:

YH,t (h) - CH,t (h) + C}k{,t (h) + GH,t (h) B
Yei(f) = Cri(f) +Cri(f) +Grye(f). (A.24)

The first equality in Eq.(A.24) is the LHS of Eq.(11) in the text.
As for nontradables, equilibrium requires that:

Yivi(h) = Cnpi(h)+Gue(h),
Yie(f) = Che(f)+Gr(f)- (A.25)
The first equality in Eq.(A.25) is the RHS of Eq.(11) in the text.
The market in country H for tradables clears when domestic demand is given

by Eq.(A.24). As for nontradables, equilibrium requires Eq.(A.25).
Using Eqgs.(A.4), (A.10) and (A.18), Eq.(A.24) can be rewritten as:

([ Puy(h) Oy Py - Pri\7" Pro\""

Yui(h) = ( Pris 2\ Pry Cy P, + By Q| +GHy s
 (PeaON Ty (Pra\ 7 Pra\"" , (Pra\ " A

Yre(f) = < Pr. 2 \Pr, Cy 2 + Py Q | +Gryu g,

-
where we use the fact that C} = g—:, which is derived from Eq.(A.10). Com-
bining these equalities and Egs.(A.4), (A.10) and (A.18), Eq.(A.24) can be

rewritten as:

-1 -n -n
_ v (P Pr. Pr; 1
YH,t - 2 (PTJ;) Ct ( Pt ) + < Pt* ) Qt + GH,t7
-1 -n —n
v ( Pry Pr, Py, —1
Y, = - == ’ ’ .(A.2
e Q(PT,t> c <Pt> +<Pt*> Q|+ G- (A.26)

Using Eqgs.(A.4), (A.10) and (A.18), Eq.(A.25) can be rewritten as:
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Combining these equalities and Egs.(A.4), (A.10) and (A.18), Eq.(A.25) can be

rewritten as:
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Eq.(A.26) implies that:
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where T, = PFt denotes the terms of trade (TOT).
Eq.(A.27) implies that:
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where N; = P : denotes the nontradables price difference between countries H
and F (NPD).

Finally, we define country-wide output and government expenditure as:
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The LHS equalities in Eqs.(A.28) and (A.29) are Eq.(12) in the text.

A.5 Net Exports

Following Gali and Monacelli[3], we define net exports in country H as follows:

P, P
NXtE}/;—P—tCt_ Gt

Gy, A.30
Pt Pps (4-30)

where N X; denotes net exports in country H.

B Nonstochastic Steady State

We focus on equilibria where the state variables follow paths that are close to
a deterministic stationary equilibrium, in which Ilg; = Iy = Ilf; = Hj/k\/,t =1

with Iy, = %, Iy = %, g, = PI::L and II}, , = % where
variables without the subscript indicating the period denote their nonstochastic
steady state value. These imply that the PPI inflation rate is zero in this steady
state. Note that Xz = XN Xp = XN =1 is applied in this steady state with

Pu. < P, Py
XHt = 5. , XN = PNt th = % and XNt = P*’ Because this steady
state is nonstochastlc all productivities are unit Values ie, Ag = Ay =Ap =

Ay, = 1. In addition, we assume that Gy = GF, GN GN and B = B* i
this steady state.



In this steady state, the gross nominal interest rate is equal to the inverse
of the subjective discount factor, as follows:

R=¢"1.

Eq.(A.14) can be rewritten as:
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Eq.(B.2) implies that:
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These equalities and Eq.(B.1) imply that:
Py = CMC™ ; Py =(MC™ ; Pp=(CMC™ ; Piy =¢MC™,  (B.3)

where we use the equalities as follows:

MCy = MCy, = MC™ ; MC = MCRF = MC™,
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which are implied by Eq.(A.17). These equalities imply that:

PH:PN7
Pp = P}

Combining these equalities and the definition of Pp¢, Pp;, P and Pg ,, we
have:

Pp = Pg = Py = Fg,
P — Pp— P} — P5. (B.4)

Following Gali and Monacelli[3], we assume that PPP (purchasing power
parity) holds in the steady state, which means that:

Q=1 (B.5)
Egs.(B.4) and (B.5) imply the following:
P=P" =Py =Py=Py=Py=Pr=Pp=Pp=Ps=P. (B.6)
Note that because Pr = Py and Py = Py, we have:
T=N=1. (B.7)
Because of Egs.(B.3), Eq.(B.4) can be rewritten as:
MC™ = MC™.
Thus, we have:

MC =MC*=(7,

with MC = MC" and MC* = %M.

P
Furthermore, Eqgs.(A.17) and (B.4) imply the following;:
1—
CN¥ = C* (N*)¥ = CT' (B.8)
Eq.(B.8) implies the familiar expression:
(1-7)Uc(C) = (Un(N),
(1-7)Uc(C*) = CUn(N™). (B.9)
Note that because 7 € (0,1) and 6 > 1, this steady state is distorted.
Eq.(A.26) can be rewritten as:
Yu=~C+Gyg ; Yr=~9C+Gp, (BlO)

by using Eq.(B.6). Because Gy = Gr, Yy = Yp. As with Eq.(B.6), Eq.(A.29)
can be rewritten as:

Yw=0-7C+Gy ; Yyr=01-7)C+Gy. (B.11)
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Because Gy = G, Y = Y.
Eq.(B.6) and Eq.(18) in the text imply the following:

Y=Yu+Yy ; Y =Yp+Y},
G=Gy+Gn ; G =Gp+Gy. (B.12)

Combining Eqs.(B.11) and (B.12), we have:
Y=C+G ; Y"'=C+G". (B.13)
Because Gy = G and Gn = G, Eq.(B.12) implies G = G*. Thus,
Y=Y".
Egs.(A.10) and (B.5) imply that:
c=C. (B.14)
Egs.(B.8) and (B.14) imply the following:
N =N~
Eq.(A.21) yields the following:

1-9

B (T) =7Y -G, (B.15)

with B = £ This equality implies B = B*.
We assume B > 0; thus, another transversality condition for local govern-

ment is given by:

Jim B, [6*~'Uc (C)RB] =0, (B.16)
—00

which appears in footnote 10 in the text.

C Log-linearization of the Model

C.1 Aggregate Demand and Output
Log-linearizing Eq.(7) in the text, we obtain the following:

Cf = Q¢, (C].)

where q; denotes the logarithmic CPI differential between the two countries.
Log-linearizing Eq.(A.7) and rearranging yields:

9= (1 =7)ns. (C.2)
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Log-linearizing and manipulating Eq.(A.7), we obtain:
me =377t + (1 =) Tt (C.3)

with mr; = %ﬂ'H’t + %ﬂ'F,t which is derived by log-linearizing the definition of

the price index of tradables, where m; denotes the CPI inflation rate in country

H, 7y, denotes the tradable goods price inflation rate, mg+ and mwg; denote

the inflation rates of tradables produced in countries H and F, respectively, and

mxr+ denotes the inflation rate of nontradables produced in country H.
Log-linearizing the definition of PPI, we have:

prt =pHe + (1= 7) s (C.4)
This equality implies that:
wps =T + (1 =) T, (C.5)

where 7p; denotes the PPI inflation rate in country H.
Log-linearizing Eq.(A.28), we have:

ye = Yyt + 0 — PP+ (L —=Y)ynve + (1 =) pae — (1 =) ppe
Yy + (L =) yne + o + (L —7) oo — Prg-

Substituting Eq.(C.4) into this equality, we have:

v = Yyar+ 1 =) Yne + PPt — PP
= e+ 1 =) yne (C.6)

Log-linearizing the definition of the average price of goods purchased by the
government in country H yields:

PGt = 1Pt + (1 —7) pares (C.7)

which implies that pp+ = pag ¢
Combining the log-linearized LHS of Eq.(A.29) and Eq.(C.7), we have:

gt =Yg, + (1 =) gne- (C.8)

Log-linearizing the first equalities of Eqs.(A.26) and (A.27) and substituting
these equalities into Eq.(C.6), we have:

(1-og)y,  (1-0c)¢

yr = (1—o0g)ci + 5 t+ 5 Ny +o0Gg:. (C.9)

Subtracting the counterpart of Eq.(C.9) in country F from Eq.(C.9), we
have:

yf =y —06)ti + (1= 7@ (1—06)n + oGyl (C.10)
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Log-linearizing Eq.(A.23), we have:

1 1. R 1 1-96
bt = EtCt+1 — Ct — gﬂ't + Etﬂ't-ﬁ-l + g’l“t_l — Tt 4+ gbt_l =+ <T> %tt
T ag
- Y+ —th- (C.11)
OB OB

Combining Egs.(C.3), (C.6), (C.8), (C.10), (C.11) and the counterpart of
Eq.(C.11), we have:

v = 1 f oG Ewylly + BwEm)y 1 — Bwie + ﬁTWf'tfl — Bwb”

+ /BTWZ),‘;L - /BTW@W +ocvwgy’, (C.12)
yl = —BrObE + Br (1 —7)vne — Br (1 — ) ne—y + BrbE |

+ aGngf%. (C-13>

Log-linearizing Eq.(A.30) and substituting Eq.(C.9) yields:
A 1-
(1-0c)¥

nry = D) ts

with nz; = dj\)’,X t denoting the percentage deviation of the net exports in country

H from the steady-state value of output. Note that this equality becomes nz; =
0 which implies that balanced trade is definitely applied, under our benchmark
parameterization, n = 1.

C.2 Aggregate Supply and Inflation
Log-linearizing Eq.(A.16), we have:

E;

oo

ko~
> (a0)" (Ret,itk + Xu 4k +XT 04k = XP4k — mcH,t+k)] =0,
k=0

with ;(H,t—&-k = lnXH7t+k, XHt+k = In XH,t-‘,—k, XT t+k = In X’T,t+k and Xpt+k =
In XP,t—&-k'

Using the fact that Xg 141 = Xt — lec:l TH t+s, this can be rewritten as:
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oo k
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E (ad) (XH,t - E TH t+s T XH,t+k T XT t4+k — XPtk,t — mCH,t+k>] = 0.
k=0

s=1
Furthermore, using the fact that Y- (ad)* ZI;:1 THits = T D opet (ad)* T ik,
this can be rewritten as:

1 1

o0 (oo} o0

1_—0[(5;(H,t — ]_——a(SEt Z (aé)k 7TH,t+k: =+ Et Z (a(S)k XH’t+k + Et Z (aé)k XT,t+k7
—Et Z (Ol(s)k XPt+k — Et Z (aﬁ)k MmCH,t+k = 0.
k=0 k=0
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Rearranging this, we have:

oo oo (oo}

Xy = (@0) T sk — (1= ad) Y (ad) xpr sk — (1= 06) > (06)" x7 141,
k=1 k=0 k=0
+ (1 —ad) Z (ab)F Xpikt + (1 — ad) Z (ad)F MCH 14k,
k=0 k=0
= adrgy1 — (1 —ad)xmgs — (1 — ad) xpy + (1 — ad) xpy,
+ (1 — ad) mep s + @dXp 141 (C.14)

Log-linearizing the first equality of Eq.(A.13), we have:

- o
XH,t = 1

o TH b (C.15)

Combining Eqs.(C.14) and (C.15) yields:

THt = OTH 41 — KXH,¢ — KXT,t + KXpt + KMmch g,

= g1+ (1 =) wpne — (L =) 6P + KMCh .

Taking the conditional expectation at ¢, the second equality can be rewritten
as:

e = OEmmi1+ K51 —y)pne — £ (L= ) pae + rmep,. (C.16)
Similar to Eq.(C.16), the log-linearized second equality of Eq.(A.14) is given by:
TN = OBIN 41 — KYDN ¢ + KYDH,: + KMCp ;. (C.17)

Other FONCs for firms can be log-linearized similarly.
Substituting Eqgs.(C.17) and (C.16) into Eq.(C.5), we have a PPI-based in-
flation dynamics equation as follows:

wpy = OEymp 41 + kKmey, (C.18)

where we use mec; = ymep s + (1 — ) mepr ¢ which is derived by log-linearizing
the definition of country-wide marginal cost.

Combining Eq.(C.17) and its counterpart for country F, the nontradables
inflation differential is given by:

WJI\%f,t = 6Et7r11\%,7t+1 + Kkyng — Kyt + ﬁmcfm, (C.19)
with
T = = (ne = ne-1)) (C.20)

being relative nontradables inflation.
By log-linearizing the first equalities in Eq.(A.12) and combining it with
Eq.(C.6), we have:

yr = vam: + (1 =) ane +ne, (C.21)
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where we also use the log-linearized definition of hours of work, n; = yng+ +

(I =) na.
Combining log-linearized Eq.(A.17), and Egs.(C.9) and (C.21), we have:
A o
mem = Y — o - (L+ 7 amy — (1 7) pay s — ——a,
1—o0¢ 2 1—o0¢
A o
MCN ¢t = yt—gnt—w'yag,t—[1—&—(1—7)(,0]&/\/,75— g gt-
1-— oG 2 1-— oG
(C.22)

Substituting Eq.(C.22) into the log-linearized definition of the marginal cost
mey = ymem s + (1 —y) mepr e, we have:

A P e

y— e — (L+@)vame — (1+¢) (1 —7)an, —
].—O'G 2

mcy = gt

(C.23)

].—UG

Combining the second equality in Eq.(C.22) and its counterpart for country
F, the logarithmic marginal cost differential associated with nontradables is
given by:

A
meN 4 EZJ? —ne — yamps + eyar: — [1+ (1 =) plan,
* e
[+ A= ela, - 7——a" (C.24)
oG

C.3 Marginal Cost and Output Gap

Following Gali[3], we define the relationship between output, its natural level
and the output gap as:

Yt =Yt + Yt (C.25)

where g; denotes the logarithmic output gap measured from its natural level, and
4+ denotes the logarithmic natural output level. Under the long-run equilibrium,
7 = 0 must hold.?

When the fiscal authorities design their policies to reduce the distortion
generated by monopolistically competitive markets, real marginal costs under
the long-run equilibrium are constant, and their logarithm is given by mc; =
0. In addition, under the long-run equilibrium, PPP is applied.2 Thus, the
logarithmic NPD under the long-run equilibrium is given by n; = 0.

Combining these facts, Eq.(C.23) implies that:

Yt = B’YGH,t +B8(1—7)an, + UTth. (C.26)

IFollowing Gali[3], nominal rigidities disappear in the long-run equilibrium.
2Following Gali[3], we assume a steady state where PPP is applied.
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Combining Egs.(C.12), (C.13), (C.25) and (C.26) can be rewritten as:

g = Pw_ Eiy — Bwr + BwBmiL, + B_Wftfl — Bwbt + ﬂ_WtiKl’
1-— [oXe 0 1)
_bw w 88T  (A-7)BB~ BT

5 5 GH 9 Nt 5 OFt
Y
- UEDI G +oaswal, (©27
gt = —Brobi + Br (1 —y)vne — Br (1 =) ne_1 + Brbi | — Byam.,
+ Byapy — B(L =) any + B (1 =) ak, + Srocar, (C.28)
which are Eqgs.(13) and (14) in the text, respectively.
Combining Egs.(C.18), (C.23), (C.25) and (C.26) we have:
EA K
mpy = 0E¢mp i1 + 1 Yt — w—nta (C.29)
el 2

which is Eq.(15) in the text. Similar to Eq.(C.29), we have the counterpart of
Eq.(C.29) in country F'.

C.4 NKRD
Combining Eqs.(C.19), (C.23), (C.25) and (C.26), we have:
71'JI\%:f,t = 5Et7711\2f,t+1 + ”‘P?J? + KNy — Ky (1 - B) agt + KoY (1 - 5) QF,t,
—k[l+o1=7)(1=8)]ans+r[1+0(1—7)(1-0)]ay,
_ ROG . f R
1—oc (1 )\) 9t (C-30)

which is Eq.(16) in the text.

D Welfare Criterion

Following Gali and Monacelli[3], Gali[2] and Benigno and Woodford[1], we show
the derivation of the welfare criterion in the text based on the second-order
approximated utility function of Eq.(A.1) in the present appendix. n = 1 is
assumed through the present appendix.

This section consists of four subsections. Subsection D.1 presents the second-
order Taylor expansion of the utility function. Subsection D.2 presents the
second-order approximation of the FONCs for firms. Subsection D.3 eliminates
the linear term and completes the derivation of the welfare criterion. Subsection
D.4 discusses other details regarding the coefficients and the NKPC in terms of
the welfare-relevant output gap.
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D.1 Step 1: The Second-order Taylor Expansion of the
Utility Function

The second-order Taylor expansion of the period utility function in Eq.(1) in
the text is given by:

U,—-U 1 1 1Ucce 2,2 Un 15 1UNN 9 o
= C|C ——=C%; — —N ———N
UcC { (Ct+2 >+2 Uc Uc m g )t Ue
+o(||§||3)
1Ucce Uy N 1 Unn N? 2
= ——C _—_—— _
C“Lz Ty, O UCC(nt+2nt>+Uo o™
+o(l¢l”) (D.1)
where we assume that utility is separable by consumption and hours of work, i.e.,
Ucn = 0. Plugging Uc = C~1, Uge = —C 2 = N¥ and Uyy = @N¥!
into Eq.(D.1), we have:
U, -U UnN 1+¢ o 3
UoC Ct‘m(” 5 T +0(H§H )
N N 1+
= egmta— |:nt A @)nf} +o(lgl’) (D2)

where we use the fact that 1 — ® = I_TT and Eq.(B.9).
Likewise, we have:

vy-u N, . N +¢ 3
oo =Pt C[nt+ - (14+9)(n )}+o(|§|). (D3)

Eq.(A.12) can be rewritten as:

YDy Y Dt
Ny = ~H2HL - IO,
H,t AH,t Nt AN,t
—0
with Dy, = fo (PHtFth)) dh and Dpr ¢ = fol (PNTt(th)) dh where we use the
Yir. (h)dh Y e (h)dh
fact that f# = DH and IT = D_/\/',t

Log-linearizing these equalities, we obtain:

ng:=Ya: +dme —ams, 3 NN =Yne Ay —an

Combining these equalities with Eq.(C.6) and the log-linearized definition of
country level hours of work, n, = yng ¢ + (1 — ) nar,; yields:

¢ :yt+7dH,t+(1_7)dN,t — Q. (D4)
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_ Py (h)Yu.e(R)+Pr s (R)Ynr 1 (h " _ Pri(NYre(H)+Pr (HYR ()
Let Ppy (h) = Petigiafipdiront and Py, (F) = =55 amvetar

These yield pp; (h) = ypmt+(1 =) pare (R) and pp, (f) = ypre+(1 —7) P (f)
by log-linearizing. Taking these equalities, Eq.(D.4) can be rewritten as:

Py, (W) ¢ Py () ?
ng = Yt +’ylnEh <I;;()> —+ (]_ — fy) lnEh <";;()> — ay,

H,t Nt
P h P h
o (B0 sy (],
PH,t PN,t
= Yyt —OEn [y (prs (h) —pme) + (1 —7) (pwve (h) — pare)] — a,
Pp,: (h
= y -0k, (%9) — ay,
1 —0
Pp,: (h
= yt+ln/ <—P*t( )> dh — ay,
0 Pp;
= Y —+ dt — Q¢, (D5)
—6
with D; = fol (P‘;;;(ZL)) dh. Likewise, we have:
ny =y; +dj —ay. (D.6)

Substituting Egs.(D.5) and (D.6) into Egs.(D.2) and (D.3), we have:

U, —-U o 14+e)1+2), ,
= - 1+®)d _ -2
UcC TR {yﬁ( A 2 (v = 2gau) |
+tip. +o ([€l*),
UoC myt +Ct_1_ G{yt +(1+¢)dt+f[(%) _2ytat} )
+tip +o(Jil°), (D.7)

with a; = vyams + (1 —7) an,e and af = yap: + (1 — ) aj},, where we use the

fact that & = (1 — oc) " because N =Y.

Combining Egs.(C.1), (C.2), (C.9) and (C.10), we have:

1 1 . . 20a
Y + yt_ct+1—og XV

Ct

:1—0'G 1—0’@

Combining Eq.(D.7) and this equality yields:

vy -u - 1 o I+ (1+9)
-t - = _ 1+® RSl Sl
UCC 1_0_Gyt (1_JG)2 {( + )(dt+dt)+ 9 [yt )
~2yan+ ()" = 2wia; |} + tim+ o (IE11°) - (D.8)
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Let ppy (h) = ppt (h) —ppy. As derived by Gali and Monacelli[3], note that:

()

exp [(1 —0)pp. (h)],

i 1-6)°
= 1 -0+ LD e ) + 0 (1617) (09)
In the symmetric equilibrium, we have PP#(ZL) = 1. This implies:
Poo () 17
E <Pt7()> =1. (D.10)
Pp,
Combining Egs.(D.9) and (D.10), we have:
R 6—-1_ . 2
Enbrs (h) = ——Enbrs (1)’ (D.11)
" o Pe W\ %
In addition, the second-order approximation to <ﬁ) yields:

—0 2
<P_1;;t (h)> =1-0pp; (h)+ %ﬁP,t (h)* +o ([[€l®) -
Pt

This equality implies:

R 0%
Dt =1- HEhpp,t (h) + ?Ehpp7t (h)2 +o (Hg”g) .

Substituting Eq.(D.11) into this equality, we have:

05 .
Di = 1+ 5BEupp.(h)’ +o(I¢]°)

= 1+ gvarh (Bps (h) +o (I€]°) -

This equality implies:

i = gvarn (o (1) + o €] (D.12)

which clearly corresponds to the equality derived by Gali and Monacelli[3].
Lemma 1

o0 1 (o)
t 2 t 2
> d'vann (e () = 30w,

Proof: See Woodford[6], p 399-400.
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Substituting Lemma 1, Egs.(D.12) and (D.8) into the definition of welfare
in the text, we have:

—~
3

:U*

e

T A —og)d Pt T 1 —o0g)d

(1+¢)(1+9) 2 QP+
oo W T T W)

Y tip.+o (||g||3) . (D.13)

wwo — Eoigt[ ® w (1+P)0 , (1+2)6
=0 1—0’G

Note that Eg Y72, U(t]WCEU = WW because UcC =1 and U = U*.

D.2 Step 2: The Second-order Approximation of the FONCs
for Firms

Substituting the first and the second equalities in Eq.(B.1) into the first and
the second equalities in Eq.(A.13), we have:

1 _ Fu, \'
1— HG 1) _ 5
l—«a ( @ Hit KH,t

1 _ FNt 0-1
— (1- ot 1): ’ D.14
l—a( @ N’t <K/\/’t) ( )

Taking logarithms on both sides in Eq.(D.14), we have:

1 (e 09—
—log (m 1z aHH,tI) = (0-1)(log Kps —log Fpiz)

1 X e-1

The first-order approximation of the LHS in Eq.(D.15) is given by:

1 a 91\ _ (#-1a 2

_10g<1—a_1—aHH’t> o l—«o 7TH’t_‘_O(HéLH )

1 @ 0—1 _ (-1a 2
k%<1_a 1_QHN¢) = T +o(lgl?)  (D.16)

A weighted average of the two equalities in Eq.(D.16) is given by:

@-la HHL%G—W)MM:

@-1a
1—a 1

1— TPt

where we use Eq.(C.5). The second-order approximation of the RHS of this
equality yields:

0@-1)a @—-1)a @—-1)a3 , (H§H3)

—a PtT g Pt g aya et
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Combining this equality and Eq.(D.15), we have:

(01__1;awp,t + ((91__10)0&437%,t =O-1) ke~ fi)+o (||§||3) , (D17

with &y = vkps + (1 — ) kne and fy = vfme + (1 — ) far,e where we use the
fact that K = F'. Note that Kg ¢+, Knrt, Frut and Fy; are <||§||2)

Log-linearizing the first and the second equality in the LHS in Eq.(B.2) and
combining them, we have:

fo

key = ky — T TPt (D.18)

with l;:t = (1 — 04(5) Et Zz.;o (aﬁ)k ]::t,t—‘,—k and ]N{Zt,t_A,_k = (]. + QO) Yt+k— (+e)og at+k+

X
%%k +0 Zﬁﬂ TPt+s-
Log-linearizing the first and the second equality on the RHS in Eq.(B.2) and
combining them, we have:
O
l-«

fo=fi— TP, (D.19)

with f, = (1—ad)E > 02, (aé)k ft,t+k and ft,Hk = — 125 Yrph— (Hf)ac Gkt

BE0C g, g+ (0= 1) Xy Th s
Subtracting Eq.(D.19) from Eq.(D.18) yields:

ke — fi = ift - ft (D-20>
Substituting Eq.(D.20) into Eq.(D.17) yields:
@-1)a @—-1)a3 ,

T gy e = 0 ) (ko= 7o) +o(lel?) . (D21)
An arbitrary variable V; can be approximated as:
V% — eant

= MV eV (InV,—InV)+ éelnv (InV; —InV)* +o(||£||‘°’)

1
1% (1 + v + §v§> +o0 (\|§|\3) .

Thus, we have the second-order approximation of k; and ft as follows:

- - 1-
ke = kit 5/.:3
o0 N 1 5
= (1 — a5) Et kz_o (a(s)k (kt,t+k + Ekf’t+k> (D22>
~ R
fo = fitshi
o0 5 1 N
= (-a)B Y () (Fuers+ 5720 (D.23)
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Subtracting Eq.(D.23) from Eq.(D.22) yields:

_ ft = (1-ad)E, Z (a5)k [(];Jt,t+k - ft,t+k) (kt t+k ft2,t+k)]

—ad)a
%mzt +o(ll?) (D20
with
Z,=E Y (ad)* (iét,m n fmk) . (D.25)
k=0

The first term on the RHS in Eq.(D.24) can be rewritten as:

E; ) (ad)* (l;t,t+k - ft,t+k> =E ) (a5)k yt+k + 15 Pre (D-26)
k=0 k=0
with PP,t = Et ZZO:O (aé)k TPt+k-
The second term on the RHS in Eq.(D.24) can be rewritten as:
1., — 1 — k(2 —~2
§Et Z (045) ( tt+k ft2,t+k> = 5Et Z (ad) (kkt,t+k - fft,t+k)
k=0 k=0
oo k _ N
+ED (ad) Y mpik {akkt,t—kk —(0-1) fft,t+k]
k=0 s=1

2
oo

i Etz (@f) (Zk: pm) [ _(9_1)2} (D.27)

with
—~ 5 oc (1+ oa(1+
Ekioyr = (1+0) Joyr — %ﬁp)atﬂc + Mﬂwk,
—~ o - oa(1+ oc (1+
fft,t+k = ——2 Ytk — Mam—k + Mgt+ko (D.28)
1—o0¢ A A

The last term on the RHS in Eq.(D.27) can be rewritten as:

2
20— 1 G
—EtZ (ed) (Z”P”S> [ = 0= 1] = 573 2 00) Trak (rpasn + 2Prei)
k=0
(D.29)

Furthermore, the second term on the RHS in Eq.(D.29) can be rewritten as:

0o k 0o
Ee Y (00)" D mpns |ORkeeek = (0= 1) [ra] =B Y (00) mpvsndisn,
= =1 k=0
(D.30)
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with
oo

Ji =E; Z (aé)k {gk\];t,t+k —-(0-1) J?J/ct,wk] . (D.31)

k=0

Substituting Eqgs.(D.29) and (D.30) into Eq.(D.28) yields:

1 — - ~ 1 w— ~ ~
SE Y @0 (B — Fon) = 5B (00) (Wi — Frver)
k=0 k=0

o0

+ By Z (@) 7p ik dirn (D.32)
k=0
20 —1 i

+ mEt kZ:O (aé)k TPt+k (7TP,t+k + 2PP,t+k) .

Substituting Eqgs.(D.25) and (D.31) into Eq.(D.24), we have:

ke—fr = E Z (@d)" {(1 — ad) {(l;\k/t,t-&-k - ﬁt,t+k) + % (];\];f,t-&—k - ffft-&-k)} }
k=0

+ED (@) mpik + (1= ad)Ey Y (ad)* wpyiisn
k=1 k=0
20 —1_ &« 1—ad)a
5 Et Z (@0)" (Tp itk + 2Ppisk) — ﬁ”mzt t+o (Hf”g) .

k=0
(D.33)

Substituting Eq.(D.21) into Eq.(D.33) to eliminate the term &k, — f; in the
LHS in Eq.(D.32) yields:

3 1—ad ~ —~
TPt + Zﬂlzo,t + TWP,tZt = K (kkt,t+k - fft,t+k) +

1—a)(1—ad) /~2 —~2
% (kkt,t+k - fft,t+k>
+ (1 - Ol) 5Et7TP,t+1 + (]. — a) (1 — 045) Et7TP,t+1<]t+1

1-a)(20-1
+ M(SEHTPJS—H (mpt+1 +2Ppiy1)

2
3 1—ad
+ adE; (7Tp7t+1 + Zﬂ%’t“ + Tﬂp,t+1zt+1>
+o(ll’). (D.34)

Eq.(D.31) can be rewritten as:

Jy = %Et Z (ad)* {Hﬁ,t—&-k - ﬁt,t+k +(20-1) (El;tﬂ_k — J?ft7t+k)] .(D.35)
k=0
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Substituting Egs.(D.18), (D.19) and (D.28) into Eq.(D.25), we have:

20 — 1
1—ad

(oo}

E, > (ad)* (kkwk — fFu +k) =7, - Prs. (D.36)
k=0

Substituting Eq.(D.28) into Eq.(D.26) yields:

Eq i (ad)" (ﬁt,tﬂc - fft,tJrk) = E i (ad)" (ict,twc - ft,t+k)

k=0 k=0
1
— D.
1— QSPP,ta ( 37)
where we use the fact that
— — A
kkiy — ffee = T og (D.38)

Substituting Eqgs.(D.36) and (D.37) into Eq.(D.35) yields:

J = 1ip i(a)’“ Z, + (26 1)(1% f ) 20=Yp,.1. 0.39)
t = 2 t - « t t,t+k t,t+k 1—as Pt - .
In the first order, Eq.(D.21) can be rewritten as:
mpe = KBy S (@) (Bark — Frasr) +o ()
k=0
Substituting this equality into Eq.(D.39), we have:
1 a(20—1) 20 — 1
Jt*EZt‘F o TPt — 1—04(5’PP’t'
Substituting this equality into Eq.(D.34) yields:
3 1—ad ~ —~ 1 /~2 =2
TP+ ngt +——TpiZ = K [kkt,t —ffuts (kktyt - fft,t)]
1—ad)d
+ 0E¢mp i1 + uEtﬂ'P,t-s-th-s-l

2

30 60
+ ZEtT‘-IZD,t+1 + TEtT"}%,t-i-l

+o(llel).

Adding %W%’t to both sides in this equality, we have:

— — 1 /~2 —~2 ©
Mt =K kkt,t - fft,t + 5 (kkt,t - fft,t):| + (SEtMt+1 + ZT(I%’“ (D40)
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with M, = 7py + 373, + L2 np, 7y + %w%t. Substituting Eq.(D.38) into
Eq.(D.40), we have:

2o (1el?)

Tpt = 0Tp i1 + 1

in the first order. Thus, Eq.(D.40) corresponds to the second-order approxi-
mated NKPC in Benigno and Woodford[1]. Iterating Eq.(D.40) forward, we
have:

> — — 1 /~2 —~2
M = KJEO ;) (5t |:kkt,t - fft,t + 5 (kkt,t - fft,t):| + E() Z(s TrPt? D 41)
with M = M, where we take an expectation in period zero.
Eq.(D.28) implies:

20¢ (1+ ¢) 20¢ (1+ )

—~2 —2 o _
kky,— ffie = @0f — d-og) Yrag TR Yege + t.i.p.

R U og. 1?2
= W1 Yt — wWawaay — Tngt ,

(1-og)(1+¢) — (1-0c)(+yp)
S - A .

Withdjlz(lg)Q,wg_l—i— , w3 =1-— and 0y

Substituting this equality and Eq.(D.38) into Eq.(D.41), we have:

> )\ ~ (:11 -~ oG ~ 2 @
M = kgEg ;(V { 1— oo Yt + ) [yt — Wawaat — TW:’,gt} + ZWJQD,t
Ftip. 4o (Hgn?’) . (D.42)

The counterpart of Eq.(D.42) in country F is derived similarly as:

M - oc. 41?2, 0, , 2
= /{EOZ {1_0 t—|— 9 {y w4w2at Tw3gt} +Z(7TP,t)}

+tip. —|—0<||£|| )

Combining this equality and Eq.(D.42) yields:

> A w o 2
W _ t ~W 1 ~ ~ G ~ %
M = kEg ;6 {1 g g, + T [(yt — W4Weay — nggt) + (y;

. . 06 %], © . )2
—Wiwaa; — wa’gt) } + 3 {W%,t + (WP,t) }}

Ftip. +o (||g\|3) . (D.43)
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D.3 Step 3: Elimination of the Linear Term and Complet-
ing the Derivation

Multiplying ® by both sides in Eq.(D.43), and subtracting this from Eq.(D.13),
we have:

WW —oemW = Eoi5t { i (14 ) (1+ ®) + £ {yf + (yf)z}
t=0

mE
260 (1 - og) . 1+
(1 * %
() (2200000, 1 2 o+ o)
2kPo¢ . e 1T (1+2)0 20 9 . N2
- i)+ |+ g [Fhet ()]

SRy i o (1)

].—UG

Rearranging this equality, we have:

w _ _ - t 1 ~ 2 %\ 2
WY = B S0 (g () () 0 1+ )]
26® (1 — 0¢) - 1+ @ .
_(1"‘9‘7){ h\ W2+(1_0G)2} (yrar + y; az)
2o 1[(1+®)0 @O .
Y €5 (ytgt+ytgt)+4 [((1_—063)&‘# B } { Pt+(7rP,t)2}}
— P (1=K W 3
+E0;671_0G iV + dM —|—t.1.p.—|—0<H§H ) (D.44)

Note that MW = Eo Y272, 6" 22—y} + o (||§||2> because of Eq.(D.43). Thus,
the second and the third terms in Eq.(D.44) can be rewritten as:

Eo Z&f Mo am = EZ(S’“(I) Mo s mW 4 /\MW—%\MW
= Ez(st ~W Y R MW+3MW
0 KA KA
_ el w
- H/\M
= T, (D.45)

We use this fact to derive the above equality as follows:

EOZ

:MW

—l¥ 4o (Jlel).

w
Tp.o
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which can be derived by iterating the second-order approximated period FONCs
for firms, namely, 7p; = 0E¢mp 41 + ﬁgt +o0 (||§H2>
Substituting Eq.(D.45) into Eq.(D.44) and rearranging, we have:

> 1 % * ok
wWo = —Eoz5t {mwl [%2 + (%)2} —wz (year +yia;)
t=0

* % 1 * 2 .
—ws (yege + Y7 97) + Vit [77129,t + (WP,t) } } + Do +tip.+o (H§||3) )

with wy = (1 + (p) (1 + Q)) + kPO, wy = (1 + (P) [2&@(1;0@)@2

M%“ and wy = ((1174;?)9,{ + %.As shown in this equality, the linear term

disappears. By arranging this equality, we have:

1+P —
+ (1;G)2}’ wg =

I o=~ [Ay o Ay o A
WY = =3B} ¢ [yyy3+—y(yt)2+—w%,t+
t=0

2 2
+o(lgl’),

which corresponds to the second-order approximated welfare function in the
text.

Ax

5 (W}k;’t)2:| + Ty + t.ip.

D.4 Other Details on Coefficients and the NKPC in Terms
of the Welfare-relevant Output Gap

Note that complicated coefficients associated with the target level of output are
as follows:

(1-06) (1+¢) [46@ (1 - 06)* (s + 06) + As (1+ @)
(X +K® +¢)As

(1- Uc;>2 4kPog s — (1 —0¢) (1 + ¢)]
(X + K<) A

97

Qy

The NKPCs in terms of the welfare-relevant output gap are different to the
NKPCs in terms of the output gap. Eq.(38) can be rewritten as:

KA

Y

TPy = 5Et7TP,t+1+1 5
—og

EA _
= O0Eimpii1+ 1 (Ge +yi — Ut)
oo

A A - A
K K (Ql_ﬁ)at+1n (Q UG)gt

= OEmpit1 + e +
1—o0¢g 1—o0¢ el

A
= OEmpit1 + T Jc + £ (14 @) Q3as + kogQag:

e

EA
= 5Et7TP,t+1 + 1 Yt + Et, (D46)

—oq
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_ 4&@(1 06)%(c+oc)+As(14D) _ (1 0G)4sP[c—(1-0g)(1+¢]) 1
with Q3 = C(;X+i<1>+(<;)< > and Q4 g (x-:m1>+<)<G 2 — 15

This equahty corresponds to Eq.(21) in the text.

E Lagrangian and its FONCs

E.1 Optimal Monetary Policy Alone
The Lagrangian is given by:

£ = Eg {Z 6 {LXV + g1 (fltw - ﬂW §t+1 + Bw e — Bwmi, — /BTWftq

t=0

+ﬁT7Tt + Bwby >+M2t[ —Br (1 —7)vne + Br (1 —7) ng_1]

KA _ " N A _,
+pse | Ty — 0P 41 — - o Ut |+ Hae | Tpy —0Tpyiq — m?}t

+ n; — 0 n + g NR ! n
M5t | Ne 1—|—(5—|—Ht+1 110+ r 1+6+Ht—1 s

because b, = by =0 for all ¢.
The FONCs are as follows:

A?ﬂPt + ﬂ(s (1 — pae—1) + (3 — pze—1) = 0
A; Pt+ﬂ5 (1, — pag—1) + (Hae — pag—1) = 0
ﬂ t+ 1M1t+/~L2t LMBHL&NM
2 Y A—0c) ™ " 150+x
__Pw _ 0
1-o0c) 26#1,t—1 =
Ay, 1 AR K
o Y + SHLE M2t — mm,t - m% ¢
___Pw - 0
(1-0¢) 2(5“1’t_1 B
—Br(1 =) vpas — pss — ﬁ/fﬁ,t—l = 0
e = 0 (E.1)

Note that the fifth equality in Eq.(E.1) corresponds to the second equality in
Eq.(24) in the text. Because of commitment, a lagged Lagrangian multiplier
appears.

Combining the first to the fourth and the sixth equalities in Eq.(E.1), we
have:

AemV + (p3 — p3,0-1) + (pay — pag—1) = 0,
1+¢ w KA KA
1_oc ~ (T—00)2" T —o0g) 2
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Combining both equalities in Eq.(E.2) yields:
A, (1—0g)
w W AW
T == yAﬂ./i)\ ( t _yt—l)a

which is Eq.(22) in the text.
Combining the first to the fourth and the sixth equalities in Eq.(E.1), we
have:

%Wgt + (3 — p3,e-1) = (Hag — pae-1) = 0,
%Qf’ +H2e — T X + 1 f)c\fc Haet g f?i —pse = 0. (E.3)
Combining both equalities in Eq.(E.3) yields:
Wﬁ,t = _% (Qﬁ - 3375—1) - % (Mot — po,i—1)
- Afi)\_gj_) ;lj_(p,{) (15,6 — P5,6-1) 5 (E4)

which is the first equality in Eq.(24) in the text.

E.2 Optimal Monetary and Fiscal Policy
The Lagrangian is given by:

o] ~ ﬁ ~ A ,6 .
£ = E {Z 8" {LXV +HLt (ytw ) _M;G Y1 + Pty — /BWWK/H - Twrt—l
t=0

+6TW7TXV+ﬁbeV - BTW?)K1> + p2,e [G1 + BrObE — Br (1 — ) vny

KA N
+Br (1 =) ng—1] + pay (7TP,t — 0Pyl — 1—og yt) + Hagt (7TP¢

B 1)
1+0+k

k ~R
1+5+H%

KA,
—0Tp 1 — myt) + st <nt Net1 +

1
_1+5+nnt‘1>]}'

The FONCs of the Lagrangian are given by Eq.(E.1) and the following equal-
ities:

57W,u1,t + Brop2: = 0,
57W,u1,t — BrOpz,: = 0. (E.5)
Combining both equalities in Eq.(E.5), we have:
pa,e = 0. (E.6)
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Substituting Eq.(E.6) into Eq.(E.4), we have:

R _ Ay(l_OG)(AR “R ) (1—o0c)4ryp

— — — — —1). (E.
Y t—1 Aﬂ-/ﬁ})\ (1 +6+I€) (l’[’5,t M5t 1) ( 7)

T =
Pt A g

Substituting Eq.(E.6) and the initial condition p5 _1 = 0 into the fifth equal-
ity in Eq.(E.1), we have:

ps,e = 0. (E.8)
Substituting Eq.(E.8) into Eq.(E.7) yields:

A (1—0’@) R .
Wg,t:—yAT (th—yﬁﬂy

which is Eq.(25) in the text.

F Derivation of Social Loss

Using the stable roots obtained by analyzing the determinacy, this section cal-
culates social loss analytically.? We assume that the model includes the price
shocks that forbid the central bank from being able to stabilize inflation and
the output gap simultaneously.

Similar to Eq.(D.46), we have the NKPC in terms of the welfare-relevant
output gap in country F' as follows:

Ty = 0Bempit1 + i + et (F.1)

1-— oG
with €f = k(1 + ¢) Qzaf + kogQsg;. Combining this equality and Eq.(D.46),
we have:
B\
71'?/ = 5Et7TK/~_1 + myg/v + 8;”.
Note that e = Q5v€m, + QsvEre + Qs (1 —7) e + Qs (1= 7) Exr — DG,
with Q5 = w and Qg = kogQy.
Firstly, we calculate the system of the average block. Substituting Eq.(22)
in the text into this equality, we have:

Eifhy = Q619 — 6719 + Qs el (F.2)
with Q; = ﬁ (1 + 6+ ?f—gg) and Qg = % Its vector form is given
by:

Bl w Q561

B AR P e e
Yi Y

3See Monacelli[4] and Walsh[5].
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Q07 -5t
1 0
These roots are the solution to the characteristic equations as follows:

with M =

U2 — tr (M) + det (M) = 0,

with tr (M) = 975_1 =W, 4+ U, and det (M) =61= U0, > 1.
Let us suppose | ¥y |< 1. Uy satisfies:

Uy <l<ét<Oy=5"10t

The pair of solutions to the characteristic equation is as follows:

o 45
N 14 /1 - ==
L2759 ( Q%)

with ¥; 5 denoting the pair of solutions to the characteristic equation.
Eq.(F.2) can be rewritten as:

Q1) e O
(1 -5 Lt ELQ) Yt 3 —eil1s (F.3)

where L is the lag operator. The coefficient on the LHS in Eq.(F.3) can be
rewritten as:

%7L + 5L2 (1—TL) (1 — U,L).

Substituting this into Eq.(F.3), we have:

Q
(1) (1-WsL) 3" = 2. (F.4)

Because (1 — W,L) ' = — orey (U,L) ", this can be rewritten as:
(1-0L) 3" = -Qs¥1e)”,
where we use the fact that ¥y = §~ W', Thus, the final form of the solution
is given by:
o0
9 = -0y Y el (F.5)
k=0

Secondly, we calculate the system of the relative block. Subtracting its
counterpart in country F from Eq.(D.46), we have:

7Tt = 5Et7rt+1 + yt + Et )

1
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With Eﬁ = 295’){]{,,5 — 295'7£F,t + 295 (1 — ’7) fj\/’t — 2Q5 (1 — ’y) fj(/wt — Q6€g,t'
Substituting Eq.(25) in the text into this equality and using a similar procedure
to derive Eq.(F.5), we have:

gt = Qg Y Whet (F.6)
k=0
Note that v; = v}V + 2vf. Thus, combining Eqs.(F.5) and (F.6), we have:
(o)
Uy = —QgWy Z Uhep_y. (F.7)
k=0

Subtracting Eq.(F.7) with a one period lag from Eq.(F.7), we have:

o0

(Ot — Ge—1) = Q¥ (1 — Ty) Z T le, p — Qgey. (F.8)
k=0

The FONCs under the optimal monetary and policy regime imply:
Tpt = —le (9t — Je—1) - (F.9)

Combining Eqs.(F.7) and (F.8), we have:
mpp=— U1 (1-U1)) W le ,—g. (F.10)

k=0
Note that v; = v{" — vff. Thus, combining Eqs.(F.5) and (F.6), we have:
g = —Qs01 Yy Wher . (F.11)

k=0

Subtracting Eq.(F.7) with a one period lag from Eq.(F.7) yields:

o}

(9 —9r_1) = ¥y (1 - ) Z Uile ) — Qsel. (F.12)
k=0
The FONCs under the optimal monetary and policy regime imply:
W}kﬁ,t = _Qs_l (ZQ: - Z)I—l) . (F.13)
Combining Eqs.(F.7) and (F.8), we have:

o0
mpy=— | U1 (1—Wy) Y Witer  —ef]. (F.14)
k=0
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Eq.(F.7) implies:
Z\I/%at . (F.15)
Eq.(F.10) implies:
(TPt — &)’ = =0i(l- Z \112(}c 1)Ef_k. (F.16)
The LHS in Eq.(F.16) can be rewritten as:
(mps — &) = T, — 2mper + €7 (F.17)
Multiplying by €; on both sides of Eq.(F.10), we have:

TptEt = \1’1&‘?, (F18>

because the serial correlation of shocks is zero. Combining Eqs.(F.17) and (F.18)
yields:

(tps — &) = h, + (1 — 21) €} (F.19)

Combining Egs.(F.16) and (F.19), we have:
mh, =0 (1 pr?"“ Ve2 | —(1-20;)e2. (F.20)

By using a similar procedure to derive Egs.(F.15) and (F.20), we have:

@)? = (ﬂswl)QZw%k (err)”, (F.21)
(r5,)" = (1-, 22\113 B () = (1= 20y) ()% (F.22)
k=0

Under the self-oriented setting, the Lagrangian for country H is given by:

£ = Ep {Z 5t l:Lt + M (QXV - 1ﬂ—Wyt+1 + Bw ity — ﬁWWK/H — 6TW7%71

t=0

—l—ﬂ:;/ W—|—ﬁwbw— /B:;V > + ot [yt +ﬁR5bR Br (1 —v)un,

KA .
+Br (1 — ) ne—1] + ps e (ﬂp,t — 0Pyl — oo yt> + Ha (7TP7,5

P KA, 1) K R
TRt T T Y T Hse (M= T e T e
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1 1—0g)A, . 1—0g)A, .
t—1>:|+lf"6,t {WXV‘F( o) yth—( c) yyle]

1 —|—(5+/€n KA KA\
1—0’@A N 1—0'(;A N 21—0'(;
T Hime [ﬁgﬁ( n/\A: 2 -1 H/\A:- yyﬁﬁﬁ“u
2(1-o0¢) n 4(1—o0g)kp Al —o0g) Ky
Arh PP T N T+ 0+ /) T AN (L 10+ r) Ot

1
- e sl b
+ st [%,t (1 =) Brvpa, 1+5+K#5,t 1]}

Because the central bank conducts optimal monetary policy, the FONCs un-
der the optimal monetary policy alone, Eq.(24) in the text, appear in this
Lagrangian as constraints. A similar Lagrangian is given for the government
in country F' although L} replaces L;. Note that any exogenous shifters are
omitted in this Lagrangian.

The government in country H chooses the sequence {mp, G, ny, bt}fio while
the government in country F' chooses the sequence {W}‘)’t,gjt*, nt,bt}z 0 under
commitment. The FONCs are given by:

B B 1
Aepy + %Mu + p3e — 2—2/#1,:54 — H3t—1+ E,UG,t +pre = 0
1 KA K@ Bw
Ay + = - - r G S——T
gt + SHLt + pa 1—oc M3, + 1104 ntot 1=00) g H1t-1
(1—0’@)Ay (1—0G)Ay
=0
KAN 2 Ho,t KA Hr.t
1
— 1 — —_ _ = 0
Br (1 =) vpa,: + ps54 T 51 phatt
ﬂTwuu + Brop2: = 0
« B 1
Armpy + g_‘g//lll,t + fa — 2—‘21/11,:5—1 — pgp—1+ SHet —HTe = 0
R 1 Rp Bw
A+ = - —-——Tr S ——
yYs + gHLt + M2, 1— OG/M,t 1104 Kﬁbsy,t 1-00) 26/141,15 1
(1—0’@)Ay (1—0’(;)Ay
_ = 0
KA 2 Ho,t KA\ Hrt
ﬁTWlil,t - ﬂR5M2,t = 0.
(F.23)

The fourth and the seventh equalities in Eq.(F.23) imply:
i =03 poy =0. (F.24)
The third equality in Eq.(F.23) and Eq.(F.24) imply:

,u’5,t - 0) (F25)
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given the initial condition ps 1 = 0. Substituting Egs.(F.24) and (F.25) into
the first, the second, the fifth and the sixth equalities in Eq.(F.23) yields:

1
Axtpe + (pse = psi1) + Ghee +pre = 0 (F.26)
N KA 1—o0g)A 1—0g)A
i = s R e+ S e = 0 (2D
* 1
Armpy + (Hap — pae—1) + FHot — K1t = 0 (F.28)
o KA 1-— (oXe] A 1— (X A
Aygi — 1 —Ug'u4’t + ( A )2 L 16,0 — %N%t = 0 (F.29)

Egs.(F.26) and (F.28) imply the following;:

1 1 1
SHet = —AmV — B (M3t — p3,t-1) — B (Mayt — pai—1) (F.30)
A 1 1
Py = —77r11§,t =5 (et = H3e-1) + 5 (Hae — pag-1)  (F.31)

Combining Eq.(F.30) and Eq.(22) in the text, we have:

1 (1—0e)Ny . 1 1
M6t = Ty (Z/ZV - ZJXL) -3 (3t — p3e—1) — SHat: (F.32)
Combining Eqs.(F.27) and (F.29), we have:
1 1 1—og)A, . 1—0g)* A
) (H3,t - M3,t—1) ) (M4,t - M4,t—1) = —% (th - yffl) - ((m\)ic;)/\ﬂy (Me,t - HG,t—l) .
Substituting this equality into Eq.(F.32) yields:
1y (1—06)* A, _ (1—06)*A,
27 A, |1 T, e
This equality implies the following:
,u’6,t = 0) (F33)

given the initial condition pg,—1 = 0.
Substituting Eqgs.(F.24) and (F.25) into Eq.(24) in the text, we have:

R (1-0g)Ay g, (1=0g)Ay g

TrP,t - K/)\Aﬂ- Yt K'/)\Aﬂ- Ye—1-

Combining this equality and Eq.(F.31) yields:

(1 - Gg) Ay
KA2

1

N N 1
(yf - Z/?_1) — = (ust — p34—1) + = (ta — pae—1) . (F.34)

M7t = 5 5
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Combining Eqs.(F.27) and (F.29), we have:

1 1  (l-0e)ANy ,n R (1-—0g)’ A,
5 (3 — pse—1) + 5 (May — pa—1) = ST (yt yt—l) R

Combining this equality and Eq.(F.34), we have:

].—O'G 2A
Hr e = —$ (M7,t - M?,t—1),

which implies the following
M7t = 0, (F35)

given the initial condition p7 1 = 0.
Substituting Eqgs.(F.33) and (F.35) into Eqgs.(F.26)—(F.29) yields:

= i (e~ i)
Tpt — A M3t — H3,t—1
1-—0g)A, . R
(M3,t - M3,t—1) = % (yt - yt—l)
e o= = ( )
Tpt = AL Hat — Ha,t—1
l—0oe)Ny, .. ..
(/1'4,15 - M4,t—1) = % (yt - yt—l) . (F.36)

Combining the first and the second equalities in Eq.(F.36) yields:

1—0g)A, ,. R
Tpt = —% (Ut — Ge—1) - (F.37)

Combining the third and the fourth equalities in Eq.(F.36) yields:

* (1 - GG) A A A~k
Tpy = —Ty (9 —97-1) - (F.38)

Combining Eqs.(F.37) and (F.38) yields:

(1-o0c)Ay . .
WXV = —Twy(tw—ytvzﬂ,

1—0g)A, ,. R
Wf = _ﬁ(yﬁ_yﬁl)v

which correspond to Egs.(22) and (25) in the text, respectively. Thus, the
optimality conditions for self-oriented fiscal authorities are the same as the one
under the optimal monetary and fiscal policy regime. This implies that the
social loss is the same between the optimal monetary and fiscal policy regime
under the cooperative setting and the self-oriented fiscal authorities with optimal
monetary policy.

37

(M7,t - M?,t—l) .



The definitions of the composite cost push terms imply the following:
e = Qofiy + Mokl + Méd,
. . 22 v 2
(€)= Qohu+ Qo (E) + i (€6,0)°

with Qg = [k (1 + ¢) Q37]%, Q10 = [ (1 + ¢) Q3 (1 —7)]* and Q11 = (ko).
Substituting these equalities into Egs.(F.15), (F.20) to (F.22) yields:

go= (Qs01)? D U (Qh, k + Qo€ sk + 1L, )
k=0
7T123,t = ‘I’% (1 - @1)2 Z ‘Ij?(k_l) (Q9§l2ll,t—k + Qlogjz\f,t—k + Qllfé,t—k)
k=0

— (1= 2W1) (Qo&Fr 4 + Qu0&Rr 4 + Q1168 )

oo

@) = (0)*> wi {996127,t—k + Qo (€ 4-k)” + O (5&,15—1«:)2}
k=0
(mh)” = Wa—w)? Y0 |90k, + Qo (Grame)” + Ot (€6,0-)7]
k=0
- (1-2¥) {99512% + Qo (Ex,)° + Ot (f&,tﬂ (F.39)

Substituting Eq.(F.39) into Eq.(20) in the text, we have:
(2% Ayggqll

2(1-92) | 2

+Quo [var (En¢) + var (§x,)] + Qui [var (g.0) + var (€5,)]},

where we take the expectation in period zero on both sides. Substituting this
equality into Eq.(19) in the text yields:

£ = aooea-w [AyQ;% i (1_%)} o rar (S]]

+0 [var (Ene) + var (E,) | + Q1 [var (Eg,e) +var (§5,)] ). (F.40)
Substituting Eq.(F.39) into Eq.(26) in the text, we have:

t 2(1—02) 2

+Qqvar (§a.¢)]

Ly = AL %)] [ [var (€12.0) + var (€220)]

vy

U,y

+ Aﬂ— (1 — ‘111):| [ngar (£H,t) + ngvar (£N’t)

where we take the expectation in period zero on both sides. Substituting this
equality into the definition of the respective loss in country H in the text yields:

1
—I—anar (fG,t)] .
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Substituting this equality and its counterpart in country F' into the definition
of the union-wide social loss brought about by self-oriented fiscal authorities in
both countries, we have:

LNew = ;11(11 — AZJQ;\I“ + Mg (1—09) | {Qg [var (£me) + var (Ept)]

+Q10 [Var (Ent) + var (@*\/t)] + Q1 [Var (€g,t) + var (fét)] } ,

which implies that L% = LNV Furthermore, this equality and Eq.(F.40)
correspond to the equality on page 25 of the text.
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